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Abstract
Pseudodifferential operators that are invariant under the action of a discrete subgroup Γ of SL(2,R)
correspond to certain sequences of modular forms for Γ . Rankin–Cohen brackets are noncommutative
products of modular forms expressed in terms of derivatives of modular forms. We introduce an analog of
the heat operator on the space of pseudodifferential operators and use this to construct bilinear operators on
that space which may be considered as Rankin–Cohen brackets. We also discuss generalized Rankin–Cohen
brackets on modular forms and use these to construct certain types of modular forms.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
It is well known that certain combinations of derivatives of modular forms can be used to
obtain new modular forms, although derivatives of modular forms themselves are not modular
forms in general. For example, in [9] Rankin described the polynomials in the derivatives of
modular forms for a discrete subgroup Γ of SL(2,R) that are again modular forms. As a special
case of such polynomials, Cohen [3] studied certain bilinear operators on the graded ring of
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noncommutative products are known as Rankin–Cohen brackets.
Pseudodifferential operators are formal Laurent series in the formal inverse ∂−1 of the dif-
ferential operator ∂ = d/dz on the complex plane C. One of the natural ways of describing
Rankin–Cohen brackets for modular forms is by way of pseudodifferential operators. Indeed, if
the coefficients of pseudodifferential operators are holomorphic functions on the Poincaré up-
per half plane, there is a natural correspondence between the set of pseudodifferential operators
invariant under the action of a discrete group Γ ⊂ SL(2,R) and the set of certain sequences of
modular forms for Γ , and Rankin–Cohen brackets can be constructed by using the fact that the
product of two Γ -invariant pseudodifferential operators are again Γ -invariant (see [4,10]). It is
also known that Γ -invariant pseudodifferential operators correspond to Jacobi-like forms for Γ .
Jacobi-like forms generalize Jacobi forms introduced systematically by Eichler and Zagier [6],
and they are certain formal power series satisfying a certain transformation formula relative to
an action of Γ .
Rankin–Cohen brackets for Jacobi forms were introduced in [2] by using the heat operator,
and they can be used to construct Rankin–Cohen brackets for Jacobi-like forms. One of the main
goals of this paper is to study bilinear forms on the space of pseudodifferential operators which
correspond to Rankin–Cohen brackets for Jacobi-like forms. We introduce an analog of the heat
operator on the space of pseudodifferential operators and use this to construct bilinear operators
on that space which may be considered as Rankin–Cohen brackets. We also discuss generalized
Rankin–Cohen brackets on modular forms and use these to construct certain types of modular
forms.
2. Basic correspondences
In this section we review basic correspondences among Jacobi-like forms, pseudodifferential
operators, and sequences of modular forms studied by Cohen, Manin, and Zagier [4,10].
Let H be the Poincaré upper half plane, and let R be the space of holomorphic functions on
H which are bounded by a power of the function b(z) = (|z|2 + 1)/z. We denote by R[[X]] the
complex algebra of formal power series in X with coefficients in R. Let Γ be a discrete subgroup
of SL(2,R) of finite covolume, and let λ ∈ Z and μ ∈ R.
Definition 2.1. A Jacobi-like form for Γ of weight λ and index μ is a formal power series
F(z,X) ∈ R[[X]] satisfying the following conditions:
(i) For each z ∈H and γ = ( a b
c d
) ∈ Γ we have
F
(
γ z, (cz + d)−2X)= (cz + d)λecμX/(cz+d)F (z,X), (2.1)
where γ z = (az + b)(cz + d)−1.
(ii) Each coefficient of F(z,X) is holomorphic at the cusps of Γ .
We denote by JLλ,μ(Γ ) the space of Jacobi-like forms of weight λ and index μ.
Definition 2.2. Given a nonnegative integer w, a modular form of weight w for Γ is a holomor-
phic function f :H→ C satisfying
(f |wγ )(z) := (cz + d)−wf (γ z) = f (z) (2.2)
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c d
) ∈ Γ as well as the usual condition of holomorphy at each cusp of Γ
(see, e.g., [8]). We denote by Mw(Γ ) the space of modular forms of weight w for Γ .
Remark 2.3. Let Fδ(z,X) =∑∞k=0 φk(z)Xk+δ with δ  0 be an element of JLλ,0(Γ ). Then the
condition (2.1) implies that
∞∑
k=0
(cz + d)−2k−2δφk(γ z)Xk+δ = (cz + d)λ
∞∑
k=0
φk(z)X
k+δ
for all z ∈H and γ ∈ Γ . Comparing the coefficients of Xk+δ , we see that φk satisfies the trans-
formation formula (2.2) for a modular form belonging to M2(k+δ)+λ(Γ ) for each k  0. As was
pointed out by Cohen, Manin and Zagier in [4, Section 1], the boundedness condition for R
implies the cusp condition for each φk as well, so that φk ∈ M2(k+δ)+λ(Γ ).
Let R be the ring of holomorphic functions on H satisfying the boundedness condition de-
scribed above. We recall that a pseudodifferential operator over R is a formal Laurent series in
the formal inverse ∂−1 of ∂ with coefficients in R of the form
∑u
k=−∞ hk(z)∂k with u ∈ Z and
hk ∈ R. We denote by Ψ DO the set of all pseudodifferential operators over R. Then the group
SL(2,R) acts on Ψ DO by
γ ·
u∑
k=−∞
hk(z)∂
k =
u∑
k=−∞
hk(γ z)
(
j (γ, z)2∂
)k
for all γ ∈ SL(2,R). If Γ is a discrete subgroup of SL(2,R), we denote by Ψ DOΓ the set
of pseudodifferential operators in Ψ DO that are fixed by each element of Γ . The following
proposition states correspondences among Jacobi-like forms, pseudodifferential operators, and
modular forms.
Proposition 2.4. Let Fδ(z,X) = ∑∞k=0 φk(z)Xk+δ ∈ R[[X]] for some nonnegative integer δ.
Given a nonnegative integer λ and a nonzero real number μ, the following conditions are equiv-
alent:
(i) The formal power series Fδ(z,X) is a Jacobi-like form belonging to JLλ,μ(Γ ).
(ii) The coefficients of Fδ(z,X) satisfy
(φk |2(k+δ)+λ γ )(z) =
k∑
r=0
1
r!
(
cμ
cz + d
)r
φk−r (z)
for all k  0 and γ = ( a b
c d
) ∈ Γ .
(iii) Each coefficient of Fδ(z,X) can be written in the form
φk =
k∑
r=0
μr
r!(2(k + δ) + λ − r − 1)!f
(r)
k+δ−r
for k  0, where fw is a modular form belonging to M2w+λ(Γ ) for each w  0.
(iv) For each k  0 we have
k∑
r=0
(−μ)r (2(k + δ) + λ − r − 2)!
r! φ
(r)
k−r ∈ M2(k+δ)+λ(Γ ).
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following condition:
(v) The pseudodifferential operator
ψ(z) :=
∞∑
k=0
(−1)k+δ+η(k + δ + η)!(k + δ + η − 1)!φk(z)μ−k−δ−η∂−k−δ−η
is an element of Ψ DOΓ , that is, ψ(z) is Γ -invariant.
Proof. The proof of this proposition can be carried out by modifying the proof of Proposition 2
in [4], where the case of δ = 1, λ = 0, and μ = 1 was considered. 
3. Pseudodifferential operators and heat operators
Rankin–Cohen brackets on the space of Jacobi forms have been studied in [1] by using the
heat operator. This heat operator can be extended to the space of Jacobi-like forms. In this sec-
tion we introduce an analog of the heat operator on the space of pseudodifferential operators
that corresponds to the heat operator on the space of Jacobi-like forms. We then use this oper-
ator to construct Rankin–Cohen brackets on the space of pseudodifferential operators that are
compatible with those on the space of Jacobi-like forms.
We first introduce certain linear maps on the space of pseudodifferential operators as well as
on the space Jacobi-like forms. Given a formal power series
Fδ(z,X) =
∞∑
k=0
fk(z)X
k+δ ∈ R[[X]]
and a pseudodifferential operator
Φδ(z) =
∞∑
k=0
φk(z)∂
−k−δ ∈ Ψ DO
with δ  0, we set
(Fδ)
Ψ
μ (z) =
∞∑
k=0
(−1)k+δ(k + δ)!(k + δ − 1)!μ−k−δfk(z)∂−k−δ, (3.1)
(Φδ)
X
μ(z,X) =
∞∑
k=0
(−1)kμk+δφk(z)
(k + δ)!(k + δ − 1)!X
k+δ. (3.2)
Thus, for fixed δ  0, these formulas determine the linear maps
(·)Ψμ :R[[X]] → Ψ DO, (·)Xμ :Ψ DO → R[[X]],
which are in fact isomorphisms. In fact, by using Proposition 2.4 we see easily that
(
(Fδ)
Ψ
μ
)X
μ
= Fδ,
(
(Φδ)
X
μ
)Ψ
μ
= Φδ (3.3)
for all Fδ ∈ R[[X]] and Φδ ∈ Ψ DO.
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be regarded as the heat operator on that space. Given μ ∈ R, we define Lμ to be the formal
differential operator given by
Lμ = μ ∂
∂z
− 1
2
∂
∂X
− X ∂
2
∂X2
, (3.4)
which obviously determines a linear map Lμ :R[[X]] → R[[X]].
Remark 3.1. (i) The operator Lμ may be considered as the heat operator on R[[X]] for the
following reason. If w =
√
X
2πi , we have
∂2
∂w2
= 2
√
X
2πi
∂
∂ X2πi
(
2
√
X
2πi
∂
∂ X2πi
)
= 4πi
(
∂
∂X
+ 2X ∂
2
∂X2
)
;
hence we obtain
Lμ = 18πi
(
8πiμ
∂
∂z
− ∂
2
∂w2
)
,
which is a heat diffusion operator with respect to the variables z and w. Such a heat operator has
already been used in the construction of Rankin–Cohen brackets on the space of Jacobi forms
(see [1,2]).
(ii) In general, the operator Lμ on R[[X]] does not preserve the Jacobi-like property, that is,
the image Lμ(F ) of an element F ∈ JLλ,μ ⊂ R[[X]] under Lμ is not necessarily an element
of JLλ,μ.
Let A :Ψ DO → Ψ DO be a formal integration operator with respect to the symbol ∂ , that is,
an operator given by
A
(∑
φk(z)∂
−k−δ)=∑ φk(z)
1 − k − δ ∂
−k−δ+1. (3.5)
The next proposition suggests that the operator
Rμ := μ
(
∂ − A
2
)
:Ψ DO → Ψ DO (3.6)
plays the role of the heat operator on the space Ψ DO.
Theorem 3.2. If ∂ = ∂/∂z as usual, we have
(Lμ(Fδ))Ψμ =Rμ((Fδ)Ψμ ) (3.7)
for all Fδ ∈ R[[X]]. More generally, we have
(Lμ(Fδ))Ψμ =Rμ((Fδ)Ψμ ) (3.8)
for each positive integer , where Lμ = Lμ ◦ · · · ◦Lμ denotes the -fold composite of the linear
endomorphism Lμ of R[[X]].
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integer δ. Using (3.4), we have
Lμ(Fδ) =
∞∑
k=0
(
μf ′k(z)Xk+δ −
k + δ
2
fk(z)X
k+δ−1 − (k + δ)(k + δ − 1)fk(z)Xk+δ−1
)
=
∞∑
k=0
(
μf ′k(z)Xk+δ − (k + δ)(k + δ − 1/2)fk(z)Xk+δ−1
)
=
∞∑
k=0
(
μf ′k(z) − (k + δ + 1)(k + δ + 1/2)fk+1(z)
)
Xk+δ − δ(δ − 1/2)f0(z)Xδ−1.
Using this and (3.1), we obtain
(Lμ(Fδ))Ψμ =
∞∑
k=0
(−1)k+δ(k + δ)!(k + δ − 1)!μ−k−δ
× (μf ′k(z) − (k + δ + 1)(k + δ + 1/2)fk+1(z))∂−k−δ
− (−1)δ−1(δ − 1)!(δ − 2)!δ(δ − 1/2)μ−δ+1f0(z)∂−δ+1. (3.9)
On the other hand, noting that
(Fδ)
Ψ
μ =
∞∑
k=0
(−1)k+δ(k + δ)!(k + δ − 1)!μ−k−δfk(z)∂−k−δ,
and using (3.5) and (3.6), we see that
Rμ
(
(Fδ)
Ψ
μ
)=
∞∑
k=0
(−1)k+δμ−k−δ(k + δ)!(k + δ − 1)!
× μ
(
f ′k(z)∂−k−δ + fk(z)∂−k−δ+1 −
fk(z)
2(1 − k − δ)∂
−k−δ+1
)
=
∞∑
k=0
(−1)k+δμ−k−δ+1(k + δ)!(k + δ − 1)!f ′k(z)∂−k−δ
−
∞∑
k=0
(−1)k+δ−1μ−k−δ+1(k + δ)!(k + δ − 2)!(k + δ − 1/2)fk(z)∂−k−δ+1.
By rewriting the last infinite sum in the previous equation in the form
∞∑
k=0
(−1)k+δμ−k−δ(k + δ + 1)!(k + δ − 1)!(k + δ + 1/2)fk+1(z)∂−k−δ
+ (−1)δ−1μ−δ+1δ!(δ − 2)!(δ − 1/2)f0(z)∂−δ+1,
we obtain
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(
(Fδ)
Ψ
μ
)=
∞∑
k=0
(−1)k+δμ−k−δ(k + δ)!(k + δ − 1)!
× (μf ′k(z) − (k + δ + 1)(k + δ + 1/2)fk+1(z))∂−k−δ
− (−1)δ−1μ−δ+1(δ)!(δ − 2)!(δ − 1/2)f0(z)∂−δ+1.
Comparing this with (3.9), we obtain (3.7). Then, for each   1, relation (3.8) follows easily
from this by induction. 
Corollary 3.3. If Ψδ ∈ Ψ DO, then we have
(Rμ(Ψδ))Xμ = Lμ((Ψδ)Xμ ) (3.10)
for each positive integer .
Proof. Given Ψδ ∈ Ψ DO, using (3.3) and (3.8), we have(Rμ(Ψδ))Xμ = (Rμ((Ψδ)Xμ )Ψμ )Xμ = ((Lμ((Ψδ)Xμ ))Ψμ )Xμ = Lμ((Ψδ)Xμ ),
which proves the corollary. 
Although there is a natural multiplication operation on Ψ DO, we now introduce a new bilinear
operation. If Ψ and Φ are elements of Ψ DO given by
Ψδ =
∞∑
k=0
ψk(z)∂
−(k+δ), Φε =
∞∑
=0
φ(z)∂
−(+ε) (3.11)
with δ, ε  0, we set
Ψδ 
 Φε =
∞∑
n=0
n∑
k=0
(
n + δ + ε
k + δ
)(
n + δ + ε − 1
k + δ − 1
)
(n + ε − k)ψk(z)φn−k(z)∂−(n+δ+ε).
(3.12)
We now use this operation to define a set of more general bilinear operators on Ψ DO.
Definition 3.4. Let ν be a positive integer, and let Ψδ and Φε be elements of Ψ DO given
by (3.11). Then we define a bilinear operator
[[ , ]]ν :Ψ DO × Ψ DO → Ψ DO
on Ψ DO by
[[Ψδ,Φε]]ν :=
ν∑
=0
(−1)
(
ν + δ1 − 1
ν − 
)(
ν + ε1 − 1

)
Rμ(Ψδ) 
Rν−μ (Φε), (3.13)
where Rμ is as in (3.6) and δ1 = δ − 1/2, ε1 = ε − 1/2.
By using the Rankin–Cohen brackets for Jacobi forms described in [2] we can write Rankin–
Cohen brackets defined on the space of Jacobi-like forms as follows.
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Cohen bracket of Fδ and Gε is defined by
[Fδ,Gε]ν =
ν∑
=0
(−1)
(
ν + δ1 − 1
ν − 
)(
ν + ε1 − 1

)
Lμ(Fδ)Lν−μ (Gε), (3.14)
where Lμ is the differential operator in (3.4) and δ1 = δ − 1/2, ε1 = ε − 1/2.
The next theorem states that the bilinear operators [[ , ]]ν defined on Ψ DOΓ is compatible with
the Rankin–Cohen brackets [ , ]ν defined on JLλ,μ when the weight λ is equal to 0.
Theorem 3.6. Let Ψδ,Φε ∈ Ψ DO and Fδ,Gε ∈ R[[x]].
(i) For each positive integer ν we have([[Ψδ,Φε]]ν)Xμ = [(Ψδ)Xμ , (Φε)Xμ ]ν, ([Fδ,Gε]ν)Ψμ = [[(Fδ)Ψμ , (Gε)Ψμ ]]ν .
(ii) The bilinear operator [[ , ]]ν in (3.13) carries Γ -invariant pseudodifferential operators to
Γ -invariant pseudodifferential operators, that is, [[Ψδ,Φε]]ν ∈ Ψ DOΓ whenever Ψδ,Φε ∈
Ψ DOΓ .
Proof. Let Ψδ,Φε ∈ Ψ DOΓ be as in (3.11). Then by (3.1) we have
(Ψδ)
X
μ =
∞∑
k=0
(−1)kμkψk(z)
(k + δ)!(k + δ − 1)!X
k+δ, (Φε)Xμ =
∞∑
=0
(−1)μφ(z)
( + ε)!( + ε − 1)!X
+ε.
The formal product of these two power series can be written in the form
(Ψδ)
X
μ · (Φε)Xμ =
∞∑
n=0
n∑
k=0
(−1)nμnψk(z)φn−k(z)
(k + δ)!(k + δ − 1)!(n − k + ε)!(n − k + ε − 1)!X
n+δ+ε.
On the other hand, using (3.12) and (3.2), we obtain
(Ψδ 
 Φε)Xμ =
∞∑
n=0
n∑
k=0
(−1)nμn(n + ε − k)
(n + δ + ε)!(n + δ + ε − 1)!
(
n + δ + ε
k + δ
)
×
(
n + δ + ε − 1
k + δ − 1
)
ψk(z)φn−k(z)Xn+δ+ε
= (Ψδ)Xμ · (Φε)Xμ . (3.15)
This implies that
(Rμ(Ψδ) 
Rμ(Φε))Xμ = (Rμ(Ψδ))Xμ · (Rμ(Φε))Xμ . (3.16)
Using this and (3.3), we see that
(Fδ · Gε)Ψμ =
((
(Fδ)
Ψ
μ
)X
μ
· ((Gε)Φμ )Xμ )Ψμ
= (((Fδ)Ψμ 
 (Gε)Φμ )Xμ )Ψμ = (Fδ)Ψμ 
 (Gε)Ψμ .
We now use (3.13), (3.14) and (3.16) to obtain
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ν∑
=0
(−1)
(
ν + δ1 − 1
ν − 
)(
ν + ε1 − 1

)(Rμ(Ψδ) 
Rν−μ (Φε))Xμ
=
ν∑
=0
(−1)
(
ν + δ1 − 1
ν − 
)(
ν + ε1 − 1

)(Rμ(Ψδ))Xμ · (Rν−μ (Φε))Xμ
=
ν∑
=0
(−1)
(
ν + δ1 − 1
ν − 
)(
ν + ε1 − 1

)
Lμ
(
(Ψδ)
X
μ
) ·Lν−μ ((Φε)Xμ )
= [(Ψδ)Xμ , (Φε)Xμ ]ν,
where we also used (3.10) and (3.15). Using this and applying (3.3) repeatedly, we obtain([Fδ,Gε]ν)Ψμ = ([((Fδ)Ψμ )Xμ, ((Gε)Ψμ )Xμ ]ν)Ψμ
= (([[(Fδ)Ψμ , (Gε)Ψμ ]]ν)Xμ )Ψμ = [[(Fδ)Ψμ , (Gε)Ψμ ]]ν,
which proves (i). As for (ii), first we note that Rankin–Cohen operators send Jacobi forms to
Jacobi forms (cf. [2]); hence it follows that the Rankin–Cohen brackets in (3.14) send Jacobi-
like forms to Jacobi-like forms. Using this and the correspondence between and JLλ,μ and
Ψ DOΓ given in Proposition 2.4, we see that the Rankin–Cohen brackets [[ , ]]ν also preserve the
Γ -invariance property. 
4. Modular forms associated to products of Jacobi-like forms
From the results of Cohen, Manin, and Zagier [4] (see also [10]) as described in Proposi-
tion 2.4, we see that there is a one-to-one correspondence between Jacobi-like forms of the form∑∞
k=0 φk(z)Xk+δ and sequences {fk}∞k=0 of modular forms for Γ . In this section, using the fact
that the product of Jacobi-like forms is a Jacobi-like form, we construct sequences of modular
forms from the products of certain types of modular forms.
Let Fδ(z,X) and Gε(z,X) be Jacobi-like forms for Γ belonging to JLλ,μ(Γ ) and
JLλ′,μ′(Γ ), respectively, given by
Fδ(z,X) =
∞∑
r=0
φr(z)X
r+δ, Gε(z,X) =
∞∑
=0
ψ(z)X
+ε (4.1)
for some nonnegative integers δ and . We set
fk(z) =
k∑
r=0
(−1)r
μr+δ(μ′)k−r+ε
φr(z)ψk−r (z), (4.2)
gk(z) =
k∑
r=0
k−r∑
=0
r∑
s=0
(2(k + δ + ε) + λ + λ′ − r − 2)!
s!(r − s)! (−1)
r (μ + μ′)rφ(s) (z)ψ(r−s)k−r−(z)
(4.3)
for all z ∈H and k  0.
Proposition 4.1. Let Fδ(z,X) ∈ JLλ,μ(Γ ) and Gε(z,X) ∈ JLλ′,μ′(Γ ) be as in (4.1).
Then the functions fk, gk :H → C given by (4.2) and (4.3) are modular forms belonging to
M2(k+δ+ε)+λ+λ′(Γ ) for each k  0.
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Fδ(z,−X/μ)Gε(z,X/μ′) ∈ JLλ+λ′,0(Γ ),
Fδ(z,X)Gε(z,X) ∈ JLλ+λ′,μ+μ′(Γ ).
On the other hand, from (4.1) we obtain
Fδ(z,−X/μ)Gε(z,X/μ′) =
∞∑
r=0
∞∑
=0
(−1)r
μr+δ(μ′)+ε
φr(z)ψ(z)X
r++δ+ε
=
∞∑
k=0
k∑
r=0
(−1)r
μr+δ(μ′)k−r+ε
φr(z)ψk−r (z)Xk+δ+ε. (4.4)
Similarly, we have
Fδ(z,X)Gε(z,X) =
∞∑
k=0
k∑
r=0
φr(z)ψk−r (z)Xk+δ+ε. (4.5)
Hence by (4.4) and Remark 2.3 the function fk :H → C given by (4.2) is an element of
M2(k+δ+ε)+λ+λ′(Γ ) for each k  0. On the other hand, applying Proposition 2.4 to (4.5), we
see that the function
g˜k(z) =
k∑
r=0
(−1)r (μ + μ′)r (2(k + δ + ε) + λ + λ
′ − r − 2)!
r!
k−r∑
=0
(φψk−r−)(r)(z)
is also an element of M2(k+δ+ε)+λ+λ′(Γ ) for each k  0. From this and the relation
(
φ(z)ψk−r−(z)
)(r) =
r∑
s=0
r!
s!(r − s)!φ
(s)
 (z)ψ
(r−s)
k−r−(z),
we obtain gk(z) = g˜k(z), and therefore the proposition follows. 
5. Rankin–Cohen brackets on modular forms
In this section we use the results of Section 4 to determine two types of noncommutative prod-
ucts of modular forms which generalize the usual Rankin–Cohen brackets for modular forms.
Given nonnegative integers δ and ε, let f and g be modular forms for Γ with
f ∈ M2δ(Γ ), g ∈ M2ε(Γ ).
We consider the associated sequences {fk}∞k=0 and {gk}∞k=0 given by
fk(z) =
{
f (z) if k = δ,
0 otherwise, gk(z) =
{
g(z) if k = ε,
0 otherwise,
for all k  0. By Proposition 2.4 these sequences correspond to Jacobi-like forms. Indeed, the
formal power series
Fδ(z,X) =
∞∑ f (j)(z)
j !(j + 2δ − 1)!X
j+δ, Gε(z,X) =
∞∑ g()(z)
!( + 2ε − 1)!X
+ε
j=0 =0
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Jacobi-like forms in (2.1), we see that the product Fδ(z,X)Gε(z,−X) is a Jacobi-like form of
weight 0 and index 0, and therefore by Remark 2.3 its coefficients are modular forms. Thus we
obtain a sequence {[f,g](δ,ε)n }∞n=0 of modular forms with [f,g](δ,ε)n ∈ M2n+2δ+2ε(Γ ) given by
[f,g](δ,ε)n (z) =
n∑
j=0
(−1)j f (j)(z)g(n−j)(z)
j !(n − j)!(j + 2δ − 1)!(n − j + 2ε − 1)!
for all z ∈H. The bilinear maps (f, g) → [f,g](δ,ε)n , or their constant multiples, for various n
define noncommutative products on the space of modular forms known as the Rankin–Cohen
brackets (see [4,10]).
We now generalize the Rankin–Cohen brackets described above by using sequences of powers
of modular forms to introduce other types of noncommutative products on the space of modular
forms. Let δ and ε be nonnegative integers as above, and let f ∈ M2δ(Γ ) and g ∈ M2ε(Γ ). We
define the sequences {[[f,g]]An }∞n=0 and {[[f,g]]Bn }∞n=0 of holomorphic functions on H by
[[f,g]]An (z) =
n−1∑
r=0
(r−1)/(2δ)∑
α=0
(n−r)/(2ε)∑
β=0
(−1)r
(r − 2αδ)!(r + 2αδ − 1)!
× (f
α)(r−2αδ)(z)(gβ)(n−r−2βε)(z)
(n − r − 2βε)!(n − r + 2βε − 1)! , (5.1)
[[f,g]]Bn (z) =
n−2∑
r=0
n−r−1∑
u=0
r∑
s=0
(u−1)/(2δ)∑
α=1
(n−r−u−1)/(2ε)∑
β=1
(−1)r2r (2n − 2 − r)!
s!(r − s)!(2δα − r)!
× (f
α)(u−2αδ+s)(z)(gβ)(n−u−2βε+s)(z)
(u + 2δα − 1)!(n − r − u − 2εβ)!(n − r − u + 2εβ − 1)! (5.2)
for all z ∈H, where · denotes the floor function.
Theorem 5.1. If f and g are modular forms with f ∈ M2δ(Γ ) and g ∈ M2ε(Γ ), then the func-
tions [[f,g]]An and [[f,g]]Bn on H given by (5.1) and (5.2) are modular forms for Γ of weight
2n + 2δ + 2ε for each n 1.
Proof. Given f ∈ M2δ(Γ ) and g ∈ M2ε(Γ ), we first define the sequences {fn}∞n=0 and {gn}∞n=0
of holomorphic functions on H by
fn(z) =
{
f (z)α if n = δα with α  1,
0 otherwise, (5.3)
gm(z) =
{
g(z)β if m = εβ with β  1,
0 otherwise,
(5.4)
for all z ∈H and n,m 1, and set
φn(z) =
n−1∑ 1
r!(2n − r − 1)!f
(r)
n−r (z),r=0
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m−1∑
s=0
1
s!(2m − s − 1)!g
(s)
m−s(z)
for all n,m 1. Then, using (5.3), we obtain
φn(z) =
n−1∑
r=0
1
(n − r)!(n + r − 1)!f
(n−r)
r (z)
=
(n−1)/(2δ)∑
α=1
1
(n − 2δα)!(n + 2δα − 1)!f
(n−2δα)
2δα (z). (5.5)
Similarly, by using (5.4) we have
ψm(z) =
(m−1)/(2ε)∑
β=1
1
(m − 2εβ)!(m + 2εβ − 1)!g
(m−2εβ)
2εβ (z). (5.6)
By Proposition 2.4 the formal power series
F0(z,X) =
∞∑
n=0
φn(z)X
n, G0(z,X) =
∞∑
m=0
ψm(z)X
m
are elements of JL0,1(Γ ). Thus, using (5.5), (5.6) and μ = μ′ = 1, we see that the functions fk
in (4.2) and gk in (4.3) reduce to [[f,g]]An in (5.1) and [[f,g]]Bn in (5.2), respectively; hence the
theorem follows. 
6. Theta functions
In this section we provide an application of the results in Section 4. We consider a Jacobi-like
form whose coefficients are certain theta functions and use this Jacobi-like form to determine
modular forms. Such Jacobi-like forms were studied in [5] (see also [7]).
Let w be a positive integer, and let ξ be an element of C2w considered as a column vector. Let
A be a symmetric positive definite integral 2w× 2w matrix whose diagonal entries are even. For
each nonnegative integer k, we define the theta function θξ,k :H→ C by
θξ,k(z) =
∑
η∈Z2w
(
ξ tAη
)k
eπi(η
tAη)z (6.1)
for all z ∈H.
Now we define the formal power series Θ(z,X) ∈ R[[X]] associated to the sequence
{θξ,k(z)}∞k=0 of theta functions by
Θξ(z,X) =
∞∑
n=0
2n(2πi)n
(2n)! θξ,2n(z)X
n (6.2)
for all z ∈H.
Let N be the smallest positive integer such that NA−1 is an integral matrix with even diagonal
entries, and let Γ0(N) ⊂ SL(2,Z) be the associated congruence subgroup given by
Γ0(N) =
{(
a b
c d
)
∈ SL(2,Z)
∣∣∣∣ c ≡ 0 (mod N)
}
.
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χ(n) =
(
(−1)w detA
n
)
for each positive integer n.
Theorem 6.1. The formal power series Θξ(z,X) ∈ R[[X]] given by (6.2) satisfies the transfor-
mation property
Θξ
(
γ z, (cz + d)−2X)= χ(d)(cz + d)w exp[cξ tAξX/(cz + d)] · Θξ(z,X)
for all z ∈H and γ = ( a b
c d
) ∈ Γ0(N).
Proof. See [5, Theorem 1]. 
We consider another element ξ ′ of C2w and denote by θξ ′,k(z) with k  0 the associated theta
function given by (6.1). For each nonnegative integer k, we set
pk(z) =
k∑
r=0
(−1)rθξ,2r (z)θξ ′,2k−2r (z)
(ξ tAξ)r (ξ ′tAξ ′)k−r (2r)!(2k − 2r)! , (6.3)
qk(z) =
k∑
r=0
k−r∑
=0
r∑
s=0
(−1)r (2k + 2w − r − 2)!θ(s)ξ,2(z)θ(r−s)ξ ′,2k−2r−2(z)
((ξ + ξ ′)tA(ξ + ξ ′))r s!(r − s)!(2)!(2k − 2r − 2)! (6.4)
for all z ∈H.
Theorem 6.2. The functions pk, qk :H → C given by (6.3) and (6.4) are modular forms for
Γ0(N) of weight 2(k + w) for all k  0.
Proof. Let Θξ(z,X) and Θξ ′(z,X) be the power series in (6.2) associated to the elements ξ and
ξ ′ of Cw , and set
ϑ1(z,X) = Θξ
(
z,−X/(ξ tAξ))Θξ ′(z,X/(ξ ′ tAξ ′)),
ϑ2(z,X) = Θξ(z,X)Θξ ′(z,X),
then by Remark 2.3 and Theorem 6.1 we see that ϑ1(z,X) and ϑ2(z,X) are Jacobi-like forms
for Γ0(N) with
ϑ1(z,X) ∈ JL2w,0
(
Γ0(N)
)
, ϑ2(z,X) ∈ JL2w,(ξ tAξ+ξ ′ tAξ ′)
(
Γ0(N)
)
.
Thus the functions fk(z) and gk(z) in (4.2) and (4.3) reduce to pk(z) and qk(z), respectively, if
we set
δ = ε = 0, λ = λ′ = w, μ = ξ tAξ, μ′ = ξ ′tAξ ′,
φ(z) = 2
(2πi)
(2)! θξ,2(z), ψr(z) =
2r (2πi)r
(2r)! θξ ′,2r (z).
Hence the theorem follows by using this and Proposition 4.1. 
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